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Abstract
An overlarge set of KTS(v), denoted by OLKTS(v), is a collection {(X \ {x},Bx ) : x ∈ X}, where X is a (v + 1)-set, each
(X \ {x},Bx ) is a KTS(v) and {Bx : x ∈ X} forms a partition of all triples on X . In this paper, we give a tripling construction
for overlarge sets of KT S. Our main result is that: If there exists an OLKTS(v) with a special property, then there exists an
OLKTS(3v). It is obtained that there exists an OLKTS(3m(2u + 1)) for u = 22n−1 − 1 or u = qn , where prime power q ≡ 7
(mod 12) and m ≥ 0, n ≥ 1.
c© 2008 Elsevier B.V. All rights reserved.
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1. Introduction
A Steiner triple system, denoted by STS(v), is a pair (X,B), where X is a v-set and B is a collection of triples
(called blocks) on X such that every pair from X belongs to exactly one block of B. An STS(v) = (X,B) is resolvable,
denoted by KTS(v), if there exists a partition Γ = {P1, P2, . . . , Pv−1
2
} of B such that each part Pi forms a parallel
class, i.e., a partition of X . It is well known that, see [1],
(1) an STS(v) exists if and only if v ≡ 1, 3 (mod 6) and v ≥ 3;
(2) a KTS(v) exists if and only if v ≡ 3 (mod 6).
An overlarge set of STS(v), denoted by OLSTS(v), is a collection {(X \ {x},Bx ) : x ∈ X}, where X is a (v + 1)-
set, each (X \ {x},Bx ) is an STS(v) and {Bx : x ∈ X} forms a partition of all triples on X . Similarly, an overlarge set
of KTS(v), denoted by OLKTS(v), can be defined by replacing STS(v) with KTS(v).
In 1991, M.J. Sharry and A.P. Street introduced the concept above, and decided the existence spectrum of overlarge
set of STS(v) (see [12]):
There exists an OLSTS(v)⇐⇒ v ≡ 1, 3 (mod 6) and v ≥ 3.
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However, the existence results about OLKTS(v) are limited in view of its difficulty, just as the existence of large set of
Kirkman triple systems (i.e., LKTS(v)—a partition of all triples on v-set X into Bi , 1 ≤ i ≤ v−2, where each (X,Bi )
is a KTS(v)). The determination of the existence of large sets of Kirkman triple systems is a classical combinatorial
problem (see [2–7,9–11,14,15]), and the study of OLKTS(v) will push forward the study of large sets of Kirkman
triple systems. Up to now, the known results are as follows:
Lemma 1.1 ([8]). There exists an OLKTS(v) for v = 9, 4n − 1, 2 · 7n + 1, 2 · 31n + 1 and 2 · 127n + 1, where n ≥ 1.
R. H. F. Denniston had given a tripling recursive construction for LKTS(v) by the end of 1979 (see [4]), in which
the existence of condition of a transitive KT S has been removed by S. Zhang and L. Zhu recently (see [15]). In this
paper, we give a tripling recursive construction for OLKTS(v) and obtain some new results for OLKTS(v):
? Let X be a v-set,∞ 6∈ X . If there exists an OLKTS(v) = {((X \ {x}) ∪ {∞},Bx ) : x ∈ X}⋃{(X,B∞)} with a
special property (∗) :
{∞, b, c} ∈ Ba, {a,∞, c} ∈ Bb, {a, b,∞} ∈ Bc for any {a, b, c} ∈ B∞,
then there exists an OLKTS(3v) with the same property.
? There exists an OLKTS(3m(2u + 1)) for u = 22n−1 − 1 or u = qn , where prime power q ≡ 7 (mod 12) and
m ≥ 0, n ≥ 1.
2. Concepts
A group-divisible design GDD(t, K , v; r1{m1}, . . . , rs{ms}) is a triple (X,G,B), where ∑si=1 rimi = v, K ⊆ N ,
and k ≥ t for any k ∈ K , such that
(1) X is a set of v points;
(2) G is a partition of X into ri sets of mi points (called groups), 1 ≤ i ≤ s;
(3) B is a collection of subsets of X (called blocks), where |B| ∈ K , |B⋂G| ≤ 1 for any B ∈ B and G ∈ G;
(4) any t-subset T of X , with |T ⋂G| ≤ 1 for any G ∈ G, is contained in exactly one block.
Usually, we write (t, K )-GDD(mr11 · · ·mrss ) instead of GDD(t, K , v; r1{m1}, . . . , rs{ms}) and write (t, K )-
GDD(mu) if m1 = m2 = · · · = ms = m and v = mu. Especially, we denote (2, K )-GDD(mu) by K -GDD(mu) and
{k}-GDD(mu) by k-GDD(mu), respectively. A k-GDD(mk) is called a transversal design and denoted by TD(k,m).
A TD(k,m) = (X,G,B) is resolvable (denoted by RTD(k,m)), if there exists a partition Γ = {P1, P2, . . . , Pr } of B
such that each part Pi , called parallel class, forms a partition of X .
A large set of k-GDD(mv), denoted by k-LGDD(mv), is a collection (X,G,Br ), r ∈ R, of k-GDD(mv), all having
the same set of points and the same set of groups, such that, for every k-set B of X satisfying |B⋂G| ≤ 1 for all
G ∈ G, there is exactly one r ∈ R with B ∈ Br . It is easy to check that |R| =
(
v−2
k−2
)
mk−2. Similarly, LRTD(k,m)
can be defined by replacing k-GDD(mv) with RTD(k,m).
Lemma 2.1 ([7]). there exists an LRTD(3,m) for any positive integer m 6= 2, 6.
A (t, k)-GDD(1v) = (X,G,B) is called a t-wise balanced design, and denoted by S(t, K , v) = (X,B). An
S(2, K , v) is called a pairwise balanced design. An S(t, {k}, v) is called a Steiner system and denoted by S(t, k, v)
briefly. An S(2, 3, v) is just a Steiner triple system STS(v). An S(3, 4, v) is called a Steiner quadruple system and
denoted by SQS(v).
An SQS(v) = (X,B) is named (2, 1)-resolvable, if the quadruple system B can be partitioned into families
B1,B2, . . . ,B v−2
2
such that each (X,Bi ) is an S(2, 4, v) for 1 ≤ i ≤ v−22 .
Lemma 2.2 ([1,13]).
(1) There exists an S(3, q + 1, qn + 1) for any prime power q and any integer n ≥ 1.
(2) A (2, 1)-resolvable SQS(v + 1) exists only if v ≡ 3 mod 12.
(3) There exists a (2, 1)-resolvable SQS(v + 1) for v = 4n − 1, 2 · 7n + 1, 2 · 31n + 1, 2 · 127n + 1 and n ≥ 1.
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A generalized frame (see [13]) F(t, k, v{m}) is a (t, k)-GDD(mv) = (X,G,B), where X is a vm-set, G is a
partition of X into v sets of m points (called groups), B =⋃r∈R Br such that
(1) for each r ∈ R, there is a certain G ∈ G such that (X \ G,G \ {G},Br ) is a (t − 1, k)-GDD(mv−1);
(2) All Br , r ∈ R, are pairwise disjoint.
It is known that an F(t, k, v{m}) contains vmk−t+1 (t − 1, k)-GDD(mv−1)s, i.e., |R| = vmk−t+1 . Let RG = {r ∈ R : Br
has the same group set G \ {G}}, then |RG | = mk−t+1 .
Specially, F(3, 4, v{2}) = (X × Z2,G,B), where X is a v-set, G = {Gx : x ∈ X}, Gx = {x}× Z2 for x ∈ X . And
the block set B can be partitioned into v parts Bx , x ∈ X such that each (X \Gx ,G \ {Gx },Bx ) is a 4-GDD(2v−1) for
x ∈ X .
Lemma 2.3 ([13]). There exists an F(3, 4, (q + 1){2}) for prime power q ≡ 7 (mod 12).
Lemma 2.4 ([13]). If there exist an S(3, K , v) and an F(3, 4, k{2}) for each k ∈ K, then there exists an F(3, 4, v{2}).
Lemma 2.5. There exists an F(3, 4, v{2}) for v = qn + 1, where prime power q ≡ 7 (mod 12) and n ≥ 1.
Proof. The conclusion holds by Lemmas 2.2(1), 2.3 and 2.4. 
3. A tripling construction for OLKTS(v)
First, we give an OLKTS(9), which plays an important role in the tripling construction for OLKTS(v).
Example 3.1. An OLKTS(9).
In order to use it conveniently, we give the following structure for OLKTS(9) = {(X \ {xk}, E(xk)) : xk ∈
X \ {∞}}⋃{(X \ {∞}, E(∞))}, where X = ({a, b, c} × Z3)⋃{∞}. For simplicity, we write xk for (x, k).
Usually, for a KTS(9), its block set E(z) and four parallel classes E(z, 0), E(z, 1), E(z, 2), E(z, 3) can be written
down from a 3× 3 array E(z). For example,
E(z) =
1 2 34 5 6
7 8 9
 H⇒ E(z) : E(z, 0) = {147, 258, 369}, E(z, 1) = {159, 267, 348},
E(z, 2) = {168, 249, 357}, E(z, 3) = {123, 456, 789}.
Now, we list the ten 3× 3 arrays E(ξ) corresponding the systems E(ξ).
E(∞) =
a0 a1 a2b0 b1 b2
c0 c1 c2
 , E(a0) =
∞ a1 a2b0 c2 c1
c0 b2 b1
 ,
E(a1) =
a0 ∞ a2c2 b1 c0
b2 c1 b0
 , E(a2) =
a0 a1 ∞c1 c0 b2
b1 b0 c2
 .
Furthermore, under the action of cyclic permutation (a, b, c), E(bk) and E(ck)will be given from E(ak), k ∈ Z3. Note
that the parallel class formed by three rows of E(xk) and E(∞) are denoted by E(xk, 3) and E(∞, 3), respectively,
here xk ∈ {a, b, c} × Z3. For xk , the first row in E(xk, 3), i.e., the triple containing∞, is denoted by W (xk).
Remark: In our construction for OLKTS(9) on the set ({a, b, c} × Z3)⋃{∞},
(1) the special triple W (xk) = {∞, xk−1, xk+1}, x ∈ {a, b, c}, k ∈ Z3;
(2) the special parallel class E(∞, 3) = {{a0, a1, a2}, {b0, b1, b2}, {c0, c1, c2}};
(3) for each xk ∈ {a, b, c} × Z3, it is easy to check that the blocks containing xk in E(∞) are
{xk, xi , x j }, {xk, yk, zk}, {xk, yi , z j } and {xk, zi , y j }, and that blocks {∞, xi , x j }, {∞, yk, zk}, {∞, yi , z j } and
{∞, zi , y j } are all in E(xk), where y, z ∈ {a, b, c} \ {x}, Z3 = {i, j, k}. So, if {ξ, η, ζ } ∈ E(∞), then
{∞, η, ζ } ∈ E(ξ), {ξ,∞, ζ } ∈ E(η) and {ξ, η,∞} ∈ E(ζ ), where ξ, η, ζ ∈ {a, b, c} × Z3. 
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Lemma 3.2. Let X be a v-set,∞ 6∈ X. If there exists an OLKTS(v) = {((X \ {x})∪ {∞},Bx ) : x ∈ X}⋃{(X,B∞)}
with a special property (∗) :
{∞, b, c} ∈ Ba, {a,∞, c} ∈ Bb, {a, b,∞} ∈ Bc for any {a, b, c} ∈ B∞,
then there exists an OLKTS(3v) with the same property.
Construction. Let X be a v-set,∞ 6∈ X . Given OLKTS(v) = {((X \ {x}) ∪ {∞},Bx ) : x ∈ X}⋃{(X,B∞)}, where
each Bx can be partitioned into parallel classes {Bx (h) : 1 ≤ h ≤ v−12 }, and B∞ can be partitioned into parallel
classes {B∞(h) : 1 ≤ h ≤ v−12 }. We will construct the desired design OLKTS(3v) on the set Y = (X × Z3)
⋃{∞}.
Denote B = (B × Z3)⋃{∞} for each B = {a, b, c} ∈ B∞. Let
{(B \ {xk}, EB(xk)) : x ∈ B, k ∈ Z3}
⋃
{(B × Z3, EB(∞))}
be an OLKTS(9) from Example 3.1, and W (xk) = {∞, xk−1, xk+1}, E(xk), E(xk, j), E(∞) and E(∞, j) are replaced
by EB(xk), EB(xk, j), EB(∞) and EB(∞, j), respectively, where j = 0, 1, 2, 3. Denote
E ′B(xk) = EB(xk) \ {W (xk)} for x ∈ B, k ∈ Z3; E ′B(∞) =
2⋃
j=0
EB(∞, j).
Obviously, |E ′B(xk)| = 11 and |E ′B(∞)| = 9.
For each x ∈ X, B ∈ Bx with∞ 6∈ B, let
{(B × Z3, {{x} × Z3 : x ∈ B}, CB(k)) : k ∈ Z3}
be an LRTD(3, 3) from Lemma 2.1, where each CB(k) can be partitioned into three parallel classes {CB(k, j) : j ∈
Z3}. Obviously, |CB(k)| = 9 and |CB(k, j)| = 3 for j ∈ Z3.
Define
A∞ =
( ⋃
B∈B∞
E ′B(∞)
)⋃
{{x} × Z3 : x ∈ X};
Axk =
 ⋃
∞6∈B∈Bx
CB(k)
⋃( ⋃
x∈B∈B∞
E ′B(xk)
)⋃
{W (xk)} for x ∈ X, k ∈ Z3.
Then, {(Y \ {xk},Axk ) : x ∈ X, k ∈ Z3}
⋃{(Y \ {∞},A∞)} forms an OLKTS(3v) with the property (∗).
Remark: One may notice that we didn’t deal with the blocks containing∞ in Bx , x ∈ X , directly. But the incident
relations in such a block B have been considered in the OLKTS(9) on set (((B \ {∞})⋃{x})× Z3)⋃{∞} from the
special property (∗). The special property (∗) is necessary for our desired construction.
Proof. (1) (Y \ {∞},A∞) is a KTS(3v).
1◦. |A∞| = v(v−1)6 · 9+ v = v(3v−1)2 = 3v(3v−1)6 , which is just the number of blocks in a KTS(3v).
2◦. Any 2-subset P of Y \ {∞} is contained in a block of A∞. In fact, for x 6= y ∈ X, i, t ∈ Z3,
P = {xi , xt }, i 6= t . Clearly, P ⊂ {x} × Z3 ∈ A∞.
P = {xi , yt }. There exists a block B ∈ B∞ such that {x, y} ⊂ B. Thus, P is contained in a block A of E ′B(∞) since
E ′B(∞) is an RTD(3, 3) on a point set B × Z3, i.e., P ⊂ A ∈ E ′B(∞) ⊂ A∞.
3◦. A∞ is resolvable.
For h ∈ {1, 2, . . . , v−12 }, j ∈ Z3, let
A∞(h, j) =
⋃
B∈B∞(h)
EB(∞, j), A∞(0) = {{x} × Z3 : x ∈ X}.
It is easy to see that each A∞(h, j) forms a partition of X × Z3, since each B∞(h) partitions the set X and each
EB(∞, j) partitions the set B × Z3. Obviously, A∞(0) is a partition of X × Z3, too. Thus, A∞ can be partitioned
into 3v−12 parallel classes {A∞(h, j) : h ∈ {1, 2, . . . , v−12 }, j ∈ Z3}
⋃{A∞(0)}.
(2) Each (Y \ {xk},Axk ), x ∈ X, k ∈ Z3, is a KTS(3v).
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1◦. |Axk | = (v−1)(v−3)6 · 9+ v−12 · 11+ 1 = 3v(3v−1)6 , which is just the number of blocks in a KTS(3v).
2◦. Any 2-subset P of Y \ {xk} is contained in a block of Axk . In fact, for y 6= z ∈ X \ {x}, i, i ′, t ∈ Z3, i 6= i ′,
P = {∞, xi } or P = {xi , xt }, {i, t} = Z3 \ {k}. Clearly, P ⊂ W (xk).
P = {∞, yi } or P = {yi , yi ′} or P = {xt , yi }, t 6= k. There is a block {∞, y, a} ∈ Bx , a ∈ X \ {x, y}. Furthermore,
B = {x, y, a} ∈ B∞. As a member of the OLKTS(9), EB(xk) contains a triple A covering the 2-subset P . But,
P 6⊆ W (xk) = {∞, xk−1, xk+1}. Thus, P ⊂ A ∈ EB(xk) \ {W (xk)} = E ′B(xk) ⊂ Axk .
P = {yi , zt }. There is a block {∞, y, z} ∈ Bx or a block B = {y, z, a} ∈ Bx , a ∈ X \ {x, y, z}. For the former
case, B = {x, y, z} ∈ B∞. As a member of the OLKTS(9), EB(xk) contains a triple A covering the 2-subset P . But,
P 6⊆ W (xk) = {∞, xk−1, xk+1}. Thus, P ⊂ A ∈ EB(xk) \ {W (xk)} = E ′B(xk) ⊂ Axk . For the latter case, there is a
block A ∈ CB(k) ⊂ Axk such that P ⊂ A, since CB(k) is an RTD(3, 3) on point set B × Z3.
3◦. Axk is resolvable.
For each h ∈ {1, 2, . . . , v−12 }, there is a unique block Bh ∈ Bx (h) such that ∞ ∈ Bh . Furthermore, B ′h =
(Bh \ {∞})⋃{x} ∈ B∞ from the special property (∗). Let
Axk (h, j) =
 ⋃
B∈Bx (h)\{Bh}
CB(k, j)
⋃ EB′h (xk, j) for j ∈ Z3;
Axk (∞) =
( ⋃
x∈B∈B∞
(EB(xk, 3) \ {W (xk)})
)⋃
{W (xk)}.
Since each Bx (h) partitions the set (X \ {x})⋃{∞}, each CB(k, j) partitions the set B× Z3, and EB′h (xk, j) partitions
the set ((B ′h × Z3) \ {xk})
⋃{∞}, So, each Axk (h, j) forms a partition of set Y \ {xk}. Further, Axk (∞) is also a
partition of set Y \ {xk}, since {B \ {∞} : ∞ ∈ B ∈ Bx } is a partition of X \ {x}. Thus Axk can be partitioned into
3v−1
2 parallel classes {Axk (h, j) : h ∈ {1, 2, . . . , v−12 }, j ∈ Z3}
⋃{Axk (∞)}.
(3) Each 3-subset (or triple) T of Y is contained in a Axk or A∞. Below, x 6= y 6= z 6= x ∈ X, i, j, t ∈ Z3.
T = {∞, xi , x j }, i 6= j . Clearly, T = W (xk) ∈ Axk , where {k} = Z3 \ {i, j}.
T = {x0, x1, x2}. Clearly, T = {x} × Z3 ∈ A∞.
T = {∞, xi , y j } or T = {xi , xi ′ , y j }, i 6= i ′. There exists B = {x, y, a} ∈ B∞, where a ∈ X \ {x, y}, T belongs to
EB(rk) for some rk ∈ B × Z3, which is a number of an OLKTS(9) on (B × Z3)⋃{∞}. Clearly, T 6= W (rk) since
x 6= y. So, T ∈ E ′B(rk) ⊆ Ark .
T = {xi , y j , zt }. From the definition of OLKTS(v), block B = {x, y, z} ∈ B∞, or B = {x, y, z} ∈ Ba for some
a ∈ X . For the former case, T belongs to the OLKTS(9) on set (B × Z3)⋃{∞}. When T ∈ EB(rk) for some
rk ∈ B × Z3, then T ∈ E ′B(rk) since T 6= W (rk). So, T appears in A(rk). When T ∈ EB(∞), then T ∈ E ′B(∞) since
x, y and z are different. So, T appears in A∞. For the latter case, T appears in CB(k) for some k ∈ Z3, which is a
number of LRTD(3, 3) on set B × Z3 with group set {{x0, x1, x2}, {y0, y1, y2}, {z0, z1, z2}}. So, T ∈ CB(k) ⊂ Aak .
(4) For each A = {ξ, η, ζ } ∈ A∞, ξ, η, ζ ∈ X × Z3, there exists B ∈ B∞ such that A ∈ EB(∞), which is a
number of an OLKTS(9) on set (B × Z3)⋃{∞}. Therefore, {∞, η, ζ } ∈ EB(ξ) ⊂ Aξ , {ξ,∞, ζ } ∈ EB(η) ⊂ Aη and
{ξ, η,∞} ∈ EB(ζ ) ⊂ Aζ since the OLKTS(9) in Example 3.1 satisfies the condition (∗).
Combining (1), (2), (3) and (4), {(Y \ {xk},Axk ) : x ∈ X, k ∈ Z3}
⋃{(Y \ {∞},A∞)} is an OLKTS(3v) with the
same property (∗). 
Lemma 3.3. There exists an OLKTS(3mv) for v = 4n − 1 or v = 2qn + 1, where m ≥ 0, n ≥ 1 and q = 7, 31, 127.
Proof. Let X be a (v + 1)-set. From [8], an OLKTS(v) = {(X \ {x},Bx ) : x ∈ X} can be obtained from a (2,
1)-resolvable S(3, 4, v + 1) = (X,Ω) as follows. Let
Ω =
v−1
2⋃
i=1
Ai , where each Ai is an S(2, 4, v + 1) on X .
For each x ∈ X , define
Bx = {B \ {x} : x ∈ B ∈ Ω}.
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Then, each Bx is an S(2, 3, v) on X \{x} and all Bx form an OLSTS(v) since Ω is a 3-design (see [12]). Furthermore,
define
Ci,x = {B ∈ Bx : B ∪ {x} ∈ Ai } for 1 ≤ i ≤ v − 12 and x ∈ X.
Then each Ci,x is an S(1, 3, v) on X \ {x}, i.e., a parallel class. Therefore, {Ci,x : 1 ≤ i ≤ v−12 } is a resolution of Bx ,
i.e., the OLSTS(v) is just an OLKTS(v). For given x ∈ X , it is obvious that
{a, b, c} ∈ Bx H⇒ {a, b, c, x} ∈ Ω H⇒
{x, b, c} ∈ Ba
{x, c, a} ∈ Bb.
{x, a, b} ∈ Bc
Of course, this is a stronger condition than condition (∗). Then the conclusion is proved by Lemmas 2.2(3) and
3.2. 
Lemma 3.4. Let positive integer v ≥ 4. If there exists an F(3, 4, v{2}), then there exists an OLKTS(2v − 1) with the
special property (∗) in Lemma 3.2.
Construction. Let F(3, 4, v{2}) = (X,G,B), where X = Zv × Z2,G = {Gx : x ∈ Zv}, Gx = {x} × Z2 for x ∈ Zv .
And the block set B can be partitioned into v parts {Bx : x ∈ Zv}, each (X \Gx ,G \ {Gx },Bx ) is a 4-GDD(2v−1) for
x ∈ Zv . Denote
A = {{x0, x1, y0, y1} : x 6= y ∈ Zv}. Obviously, |A| = v(v − 1)2 .
Then (X,A⋃B) is an S(3, 4, 2v).
For each xk ∈ X , define
Cxk =
{
A \ {xk} : xk ∈ A ∈ A
⋃
B
}
.
Then {(X \ {xk}, Cxk ) : xk ∈ X} is an OLKTS(2v − 1) with the special property (∗) in Lemma 3.2.
Proof. Obviously, {(X \ {xk}, Cxk ) : xk ∈ X} is an OLSTS(2v − 1) (see [12]). Furthermore, define
Cxk (y) = {A \ {xk} : xk ∈ A ∈ By}
⋃
{{x1−k, y0, y1}} for x 6= y ∈ Zv.
Clearly, each Cxk (y) partitions the set X \ {xk}. Therefore, {Cxk (y) : x 6= y ∈ Zv} is a resolution of Cxk , i.e., the
OLSTS(2v − 1) is just an OLKTS(2v − 1).
Similarly to the proof in Lemma 3.3, the obtained OLKTS(2v − 1) satisfies the property (∗). 
4. Result
Theorem 4.1. There exists an OLKTS(3m(2u+1)) for u = 22n−1−1 or u = qn , where prime power q ≡ 7 (mod 12)
and m ≥ 0, n ≥ 1.
Proof. By Lemmas 2.2(3), 2.5 and 3.2–3.4, we can obtain the conclusions. 
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